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The desire to increase the amount of information that can be encoded onto a single photon has driven research into many areas of optics. One such area is optical orbital angular momentum (OAM) [1] . The work by Allen et al. in 1992 showed that beams with an transverse amplitude profile of A(r) exp(i φ ) carry an orbital angular momentum of h per photon [1, 2] . An example are Laguerre-Gaussian (LG) beams which have a helical phase structure, with r and φ as the radial and angular coordinates respectively. The integer is unbounded, giving a large state space in which to encode information [3] [4] [5] [6] [7] .
The use of diffractive optical elements (DOEs) containing an -fold fork dislocation has become commonplace for the generation of beams carrying OAM [8, 9] . The forked diffraction grating, when illuminated with a Gaussian beam, for example from a single-mode fibre, produces the helical mode in the first diffraction order. This grating can also be used in reverse to couple light with a helical phase into a single-mode fibre, measuring the power in that mode [10] . Sequentially changing the dislocation in the fork allows a range of values to be measured, but checking for N states require at least N photons [10] . Similar techniques have been demonstrated using spiral phase plates and q-plate technology in place of the DOE [11, 12] . A method to route OAM at the single photon level was demonstrated by Leach et al. It required a N − 1 Mach-Zehnder interferometers with a Dove prism in each arm [13] for the routing of N states. In principle, this routing can be achieved with 100% efficiency and with no loss of the input beam's mode structure. However, simultaneously maintaining the alignment of N interferometers has proved technically challenging.
We recently showed that two diffractive optical elements, implemented on spatial light modulators (SLMs), can be used to transform OAM states into transverse momentum states [14] . This was achieved through the use of mapping of a position (x, y) in the input plane to a position (u, v) in the output plane, where u = −a ln( x 2 + y 2 /b) and v = a arctan(y/x) [15] [16] [17] . A mapping of this type transforms a set of concentric rings at the input plane into a set of parallel lines in the output plane. The combination of the two diffractive optical elements transforms both the phase and intensity of the beam in the form exp(i φ ), to give a complex amplitude at the output plane of the form exp(i v/a). A lens can then separate the resulting transverse momentum states into specified lateral positions, allowing for the efficient measurement of multiple states simultaneously [18, 19] . In our previous proof-of-principle demonstration, approximately three quarters of the input light was lost due to the limited diffraction efficiency of the SLMs [14] .
In this paper we replace the previously used diffractive optical elements with refractive elements which carry out the desired optical transformation (Fig. 1) . The transmission efficiency of the combination of elements is approximately 85%, which makes them attractive for use with single photons. The number of components was also reduced through the integration of the transform lens previously required between the diffractive optical elements into the transformation elements themselves. The height profiles for the refractive elements ( Fig. 2) were derived from the equations defining the phase profile of the diffractive elements [14] , along with the addition of a lens term, indicated in Eq. (1) and Eq. (2) shown below.
When light of a particular wavelength, λ , passes through a material of height Z, and with a refractive index n, the effective optical path length changes with respect to the same distance of propagation in a vacuum. The change in path length can be expressed as a change in phase of ΔΦ = 2π(n − 1)Z/λ , hence the first element requires a height profile of
lens term
where f is the focal length of the integrated lens. There are two free parameters, a and b, which determine the scaling and position of the transformed beam. The parameter a takes the value a = d/2π, ensuring that the azimuthal angle range (0 → 2π) is mapped onto the full width of the second element, d. The parameter b is optimised for the particular physical dimensions of the sorter. The second of these elements has a height profile where u and v are the coordinates in the output plane. This element is placed a distance f behind the first element. Each surface is wavelength independent, but dispersion effects in the material manifest themselves as a change in the focal length of the integrated lens for different wavelengths. Hence, the system can be tuned to a specific wavelength by changing the distance between the elements. The elements were diamond machined using a Natotech, 3 axis (X,Z,C) ultra precision lathe (UPL) in combination with a Nanotech NFTS6000 fast tool servo (FTS) system to provide a fast (W) axis superimposed on the machine Z-axis. The machining programme was generated using proprietary code written within commercially available software, DIFFSYS. This programme converts the input data, in the form of an X,Y,Z cloud of points, into the requisite UPL machine and FTS system machining files.
Generally, when machining freeform surfaces it is normal to separate out the symmetrical and non-symmetrical components to realise minimum departure, of the FTS tool and therefore maximise machining performance [20] . However, as the total sag height difference for each part was relatively small (115um for surface 1 and 144um for surface 2) and as both surfaces are highly asymmetric resulting in a small component of symmetric departure the elements were machined using FTS tool movement in W only. The surfaces are shown in Fig. 2(b) and 2(d) .
In our experiment we generate Laguerre-Gaussian (LG) beams by expanding a HeNe laser onto a -forked hologram, realised using a SLM, by programming the SLM with both phase and intensity information. The beam generated in the first order of the hologram was selected with an aperture and the plane of the SLM is imaged onto the plane of the first element. The beam is then passed through the elements transforming it into the form exp(i v/a), giving a transverse direction state which is then focussed into an elongated spot on a camera. The transverse position of the spot is dependent on .
An important consideration in any communication system is the cross talk between the channels in that system. To assess this the camera was portioned into N adjacent regions, where each region is centred on one elongated spot, and the measured intensity of the pixels in the region was summed for each region. For a single input mode, one would expect the majority of the energy to be detected in the bin corresponding to the input mode and any energy readings in other regions represent cross talk between channels. Our transformation from orbital angular momentum states into transverse momentum states gives rise to inherent cross talk due to the diffraction limit. The inherent degree of cross talk can be deduced from Fourier theory, which predicts approximately 80% of the input light will be present in the bin corresponding to that input OAM mode value. A common method of evaluating the degree of cross talk in a communications system is the channel capacity, which is the maximum amount of information that can be reliably transmitted by an information carrier [21] . In a multi-channel system, a photon can be in one of N input states and the maximum channel capacity value is log 2 N bits per photon.
To evaluate the range of modes the system is able to detect efficiently, the system is tested using LG beams over the mode range = −25 to = 25. The choice of LG beams allows the beam waist to be controlled, and the experimental result to be very closely matched to numerical modelling of the system. The channel capacity was measured for N modes, where N = 2, 4, 6, ..., 50. For each measurement the range = −N/2 to = N/2 was used while leaving = 0 free as an alignment channel. The values measured are shown in Fig. 3 . The optical transformation we utilise is only perfect for rays which are normally incident on the transformation elements. Helically phased beams are inherently not of this type, and have a skew angle of the rays of θ s = /kr, where k is the wavenumber of the light and r is the distance from the beam centre [22, 23] . A numerical simulation of the experimental setup was carried out using plane wave decomposition [14] . Comparing channel capacity values from the simulated and experimentally obtained results, with that of the maximum possible channel capacity, one sees the difference increase at higher mode ranges. These results are consistent with the larger skew angle at higher causing errors in the transformation, hence increasing the channel cross talk at these values. Simulations show that reducing the separation between the components or increasing the aperture size of the system can reduce these skew angle effects at higher values, hence reducing the cross talk within the system.
The optical efficiency of the transformation elements is very important for the use of such a technique within quantum communications. To test that our transformation elements are adequately efficient for use with single photons, we replace the standard camera with an electron multiplying CCD (EMCCD) camera which is sensitive to single photons. The power of the input beam before the first element was attenuated to a power of approximately 2 × 10 −17 W , Fig. 4 . Using a EMCCD camera in single photon counting mode, images were generated by summing over 16383 frames. Each pixel has a dark count rate, generating noise on every pixels in the camera. The images is shown are the raw captured images. The dark count rate was assessed by counting the photons over the same capture period with the camera shutter closed. A threshold was set with a value corresponding to the mean, plus one standard deviation of the dark count rate. The corresponding graph is a some of each column, in blue, and superimposed with the results when a Wiener Noise reduction filter is applied shown in red. Summing under the red curve gives us an approximation of the number of photons received at the camera plane.
corresponding to approximately 75 photons per second entering the first element. The camera was set to capture 100 frames per second, hence on average we record less than one photon per measurement.
To verify that our measurement corresponds to the expected number of photons, we first measure the unattenuated power before entering the first element and at the camera plane giving a measured efficiency of approximately 75%, 10% lower then the combination of transformation elements. This difference arises from the losses due to scatter of the other optical components. The efficiency could be further improved by adding anti-reflective coating to the elements. A measurement of the efficiency at the level of single photons was made by counting the number of photons detected over a large number of accumulated camera frames when used in single photon counting mode. The images produced are shown in Fig. 4 . The quantum efficiency of the entire system (including the effects of all optical components and the efficiency of the EMCCD camera) was measured to be approximately 50%.
In conclusion, we have developed a mode transformer comprising two refractive elements which can separate beams carrying OAM into discrete regions on a detector with an efficiency of 85%. In the case of many photons, the experimental system was characterised to have a channel capacity for 8 modes of 1.85 bits per photon, 16 modes of 2.68 bits per photon and for 32 modes of 3.26 bits per photon. An attenuated laser source, where on average there was less then one photon in the system within any measurement period, demonstrates the elements are capable of separating the OAM states of the input light at the level of single photons. This approach could be used to generate and detect OAM states used within quantum communications or quantum key distribution systems, increasing the amount of information one can encode onto a single photon.
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